We show a way to adapt the ideas of Stieltjes to obtain an electrostatic interpretation of the zeroes of a large class of orthogonal polynomials.
Introduction
Given a sequence of polynomials p n (x) with deg p n (x) = n one can ask for a physical interpretation of its roots. A nice instance of this is given by Stieltjes' observation [21] in connection with earlier work of Heine [12] . The results of Stieltjes apply to a large class of polynomials, including the Lame and the Jacobi polynomials. At about the same time Stieltjes published three other notes in connection with this problem [22] [23] [24] . These results were later extended to other classical orthogonal polynomials, as described in Szego [25] . See also [6] . All these polynomials satisfy second order di erential equations, and the crucial importance of this fact is apparent in the title of [1] .
My interest in this topic arose in connection with the bispectral problem in the discrete-continuous context, i.e., for orthogonal polynomials in a continuous variable. This is not the appropriate place to recall this material and I refer the reader to [5, [7] [8] [9] [10] . The main point of this line of work is that one encounters orthogonal polynomials satisfying higher order di erential equations of the type ÿrst discovered by Krall [15] . If one looks for a 'physical interpretation' of the zeros of these families of 1 The author was supported in part by NSF grant # DMS94-00097 and by AFOSR under Contract FDF49620-96-1-0127.
0377-0427/98/$ -see front matter c 1998 Elsevier Science B.V. All rights reserved. PII: S 0377-0427(98)00156-3 polynomials in a straightforward adaptation of the methods of Stieltjes one is faced with the need to postulate rather 'unphysical' interactions among charges: the main point is that it appears neccesary to consider not just pairwise interactions but more general N -body interactions. While these may be of some interest in certain cases of high density plasmas, they remain rather hard to motivate.
The main point of this note is to observe that a simple adaptation of the ideas of Heine and Stieltjes allows one to give an interpretation within the realm of pairwise interactions. We choose to illustrate the phenomenon in the case of a family of polynomials introduced by Koornwinder [14] , but it is clear that the same analysis can be done for many other such families: all that is needed is that the polynomials should satisfy second order di erential equations where we allow the coe cients to depend on the degree n of the polynomials, i.e.
(a(n; x)D 2 + b(n; x)D + c(n; x))p n (x) = 0:
There are large classes of polynomials that meet these conditions, and we just mention some papers where this issue has been considered in the context of orthogonal polynomials, namely [1, 11, [17] [18] [19] [20] . See also [2] [3] [4] . During the preparation of this note I got a preprint by Mourad Ismail [13] where he considers a very general class of polynomials and develops ideas that are related to those discussed here. He ÿnds an expression for the energy at equilibrium in terms of the coe cients in the recursion relation satisÿed by the corresponding orthogonal polynomials.
All these interpretations require a logarithmic potential in dimension one, and thus one is thinking of inÿnitely long parallel wires in dimension three that interact with the usual Coulomb potential.
I will have a word on Coulomb interaction in dimension one at the very end of the paper. The reader will notice that one does not need to require that p n (x) should be a family of orthogonal polynomials. A 'naturally appearing' class of polynomials where this should work are the KrallHermite and Krall-Bessel polynomials, see [10] , as well as some extensions of the more classical Krall polynomials, see [9] .
The work of Stieltjes and Heine
The contributions in [12, 21] can be described as follows. Consider a total of p+1 positive charges that are nailed down at ÿxed locations t 1 ¡t 2 ¡ · · · ¡t p+1 on the real line. The charge at location t i is given by the positive quantity i , i = 1; 2; : : : ; p + 1.
Consider now n unit positive charges that are distributed in between t 1 and t p+1 , i.e. in the p open intervals (t 1 ; t 2 ); (t 2 ; t 3 ); : : : ; (t p ; t p+1 ).
This can be done in a total of
ways. These arrangements of charges are determined by the choice of nonnegative integers n 1 ; n 2 ; : : : ; n p such that n 1 + n 2 + n p = n.
Here n k denotes the number of 'movable charges' that are placed between the charges held ÿxed at t k and t k+1 .
We will assume all along that these 'charges' interact with other charges through a logarithmic potential.
It is entirely reasonable that for each such arrangement of n charges there is exactly one 'equilibrium position'. We denote these points by x 1 ; x 2 ; : : : ; x n . Both papers [12, 21] contain arguments to support this assertion.
Heine and Stieltjes consider polynomial solutions of the equation
Here A(x) is a polynomial of degree p + 1, A = (x − t 1 ); (x − t 2 ); : : : ; (x − t p+1 ). B(x) is a polynomial of degree p such that for positive j 's
P(x) is sought as a polynomial of degree n, and C(x) is searched for as a polynomial of degree p − 1 that is allowed to depend on the solution P(x) itself. Now we come to a crucial property of polynomials with simple zeros. If
then at any root x k of P we have
Using this property we observe that if P(x) solves the di erential equation above it follows that at each x k we have
But this is exactly the 'electrostatic equilibrium condition' described above.
In the case p = 1 (Jacobi) there is one such polynomial for each n, in the case of p = 2 (Lame) there are n + 1 such polynomials, for p = 3 we have (n + 2)(n + 2)=2 polynomials, etc.
The Koornwinder polynomials
For the polynomials introduced by Koornwinder [14] which are orthogonal with respect to the weight function
one has u n = p n y n + q n y n ; y n = r n u n + s n u n ;
where y n and u n are the Jacobi and the Koornwinder polynomials respectively, and p n ; q n ; r n ; s n are ratios of polynomials of bounded degree. Then the result derived in [14] (with a minor misprint corrected in [16] ) is that the polynomials u n satisfy an equation as in Section 2 with the relevant ratio being given by B=A = p n =q n + r n =s n + s n =s n and this ratio is expressible in a nice form. For simplicity we give it here for the case a = b, t = s. We get
Here d n = (2a + 3); (2a + 4); : : : ; (2a + n). Note that 0¡z n ¡1. This means that if for each n we ÿx a pair of positive charges of strength 1 + a=2 at each of the points +1 and −1 and a pair of negative charges of strength − 1 2 at the points √ z n and − √ z n and we place n positive unit charges in between the two negative ones, then the equilibrium conÿguration -assuming the usual pairwise logarithmic interaction -is given by the zeros of the Koornwinder polynomials.
Notice that the only di erence with the Stieltjes construction is that we have to allow for ÿxed charges whose location depends on n and that not all the ÿxed charges are positive.
When t = 0 we have z n = 1 and this results in charges of strength a at the endpoints +1; −1. This is the classical result of Stieltjes. Notice that the limit t = ∞ also gives this classical situation. Finally notice that as n approaches inÿnity the value of z n tends to 1 too.
For a general Koornwinder polynomial the relevant ratio takes the form
and the expressions for a n and b n are a bit ugly to present here.
Inverse square law
It would be interesting to see a relation between zeros of well-known families of polynomials and a one-dimensional electrostatic problem involving the usual Coulomb inverse square law.
We saw earlier that the reason why a logarithmic potential plays such an important role is directly connected with a simple property of polynomials with simple roots, namely: at each root of P we have
One can see that a di erent di erential expression involving P has a deÿnite 'Coulomb type' appearance, namely
If the factor 3 4 were replaced by 3 2 we would be dealing with the usual Schwartzian derivative.
